On the connectedness of the set of Riemann surfaces with real moduli by Costa, Antonio F. & Hidalgo, Ruben A.
ar
X
iv
:1
71
0.
04
62
7v
2 
 [m
ath
.C
V]
  1
0 N
ov
 20
17
ON THE CONNECTEDNESS OF THE SET OF RIEMANN
SURFACES WITH REAL MODULI
ANTONIO F. COSTA AND RUBE´N A. HIDALGO
Abstract. The moduli spaceMg, of genus g ≥ 2 closed Riemann surfaces, is a com-
plex orbifold of dimension 3(g−1) which carries a natural real structure i.e. it admits
an anti-holomorphic involution σ. The involution σ maps each point corresponding
to a Riemann surface S to its complex conjugate S. The fixed point set of σ consists
of the isomorphism classes of closed Riemann surfaces admitting an anticonformal
automorphism. Inside Fix(σ) is the locus Mg(R), the set of real Riemann surfaces,
which is known to be connected by results due to P. Buser, M. Seppa¨la¨ and R. Sil-
hol. The complement Fix(σ)−Mg(R) consists of the so called pseudo-real Riemann
surfaces, which is known to be non-connected. In this short note we provide a simple
argument to observe that Fix(σ) is connected.
1. Introduction
The moduli spaceMg, of genus g ≥ 2 closed Riemann surfaces, is a complex orbifold
of dimension 3(g−1). The study of this moduli space was already started by F. Klein.
This space carries a natural real structure given by an involution σ which sends each
Riemann surface to its complex conjugate. The fixed point set of σ consists of the
isomorphism classes of closed Riemann surfaces admitting an anticonformal automor-
phism and those surfaces are said to have real moduli. The quotient space Mg/ 〈σ〉
is the moduli space of Riemann surfaces of genus g considered as Klein surfaces, i. e.
two surfaces are equivalent if they are holomorphic or anti-holomorphically equivalent.
Inside Fix(σ) is the locusMg(R), consisting of those admitting an anticonformal invo-
lution (Riemann surfaces corresponding to real algebraic curves), which is known to be
connected by results due to P. Buser, M. Seppa¨la¨ and R. Silhol [4, 8] (see also a proof
in [5]). The locus Mg(R) has been studied by Klein in [7] and the fact that in general
Fix(σ) 6=Mg(R) was noted by C. Earle in [6]. The complement Pg = Fix(σ)−Mg(R)
consists of the so called pseudo-real Riemann surfaces. In [1] it was observed that Pg
is non-empty for every g ≥ 2 (then Fix(σ) 6= Mg(R) for all g ≥ 2). In [2] it was ob-
served that P2 and P3 are connected and P4 is non-connected (it has three connected
components). There are infinite many integers ni such that Pni is not connected (this
fact follows from Theorems 3.4, 5.4, 5.5 and Section 6 of [1] to construct families of
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pseudo-real surfaces and from the Corollary of Theorem 2 of [9] to prove that these
families are in different connected components).
In this short note we provide a simple argument to observe that Fix(σ) is connected.
Theorem 1. The set Fix(σ) is connected.
This connectedness fact may not be a surprise, but it seems it has not been noted
in the existent literature.
Acknowledgements. We wish to thank the referee for corrections and suggestions.
2. The set of Riemann surfaces with real moduli is connected
In this section, we proceed to prove Theorem 1. Let S be a closed Riemann surface
of genus g ≥ 2, admitting an anticonformal automorphism τ of order 2n, where n ≥ 2
is even. The quotient orbifold O = S/〈τ〉 is homeomorphic to the connected sum of
some γ real projective planes and has exactly r cone points, say of orders n1, . . . , nr ∈
{2, . . . , n}, where each nj is a divisor of n. This means that there is an NEC group ∆,
acting on the unit disc D, with signature (γ;−; [n1, . . . , nr]) and there is a surjective
homomorphism ρ : ∆ → C2n = 〈τ〉, whose kernel Γ is a Fuchsian group uniformizing
S and 〈τ〉 is induced by ∆, that is, D/Γ = S → D/∆ = S/〈τ〉.
The locusO(S, τ) in moduli spaceMg consisting of those (classes of) closed Riemann
surfaces Ŝ admitting an anticonformal automorphism τ̂ of order 2n so there is an
orientation preserving homeomorphism φ : S → Ŝ conjugating τ to τ̂ is connected [2].
Now, since the locusMg(R) is connected, in order to check the connectivity of Fix(σ),
we only need to find a point [Ŝ] ∈ O(S, τ) so that Ŝ admits also an anticonformal
involution. In the NEC group setting, this is equivalent to finding an NEC group K
containing reflections (i.e. the group K uniformizes a bordered Klein surface) and
a subgroup ∆̂ of K so that there is an isomorphism ι : ∆ → ∆̂ with ι(Γ) being
a normal subgroup of K. Note that ι(Γ) is a Fuchsian group with Ŝ = D/ι(Γ) a
closed Riemann surface which has an automorphism τ̂ topologically equivalent to τ
(τ̂ is an automorphism group of the cyclic covering D/ι(Γ) = Ŝ → D/∆̂) and Ŝ
has anticonformal involutions too, produced by the lifting of the reflections of K to
Ŝ (note that Ŝ has empty boundary but D/K is bordered). In this way we have
O(S, τ)∩Mg(R) 6= ∅ for every pseudo-real surface S; this implies Fix(σ) is connected.
2.1. The construction of K. Let K be an NEC group uniformizing the closed disc,
with γ interior cone points of order 2 and r cone points in its border of orders n1, . . . , nr,
that is, an NEC group of signature (0; +; [2, γ..., 2], {(n1, ..., nr)}). A canonical presen-
tation for K is as follows
K = 〈x1, . . . , xγ, e, τ1, . . . , τr+1 : x
2
1 = · · · = x
2
γ = τ
2
1 = · · · = τ
2
r+1 = 1,
e−1τr+1e = τ1, xγ · · ·x2x1e = 1, (τ1τ2)
n1 = · · · = (τrτr+1)
nr = 1〉,
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Figure 1. A fundamental domain for K
where the elements xj are elliptic transformations of order two, the elements τj are
reflections and e is an hyperbolic or elliptic element (see [3] and Figure 1 for a funda-
mental domain of K).
2.2. A subgroup ∆̂ of K. Let us consider the surjective homomorphism
θ : K → C2 = 〈a : a
2 = 1〉
x1, . . . , xγ , τ1, . . . , τr+1 7→ a, e 7→ 1.
The kernel ∆̂ of θ has no reflections and contains orientation reversing elements (for
instance c1x1); so its signature must be of the form (h;−; [m1, ..., ms]), that is, D/∆̂ is
the connected sum of h real projective planes and contains exactly s cone points, these
having orders m1, . . . , ms. Using the Riemann-Hurwitz formula and the usual methods
to compute the signature of an NEC subgroup (see [3]), we have that h = γ, s = r
and nj = mj . So, ∆ is isomorphic to ∆̂; let ι : ∆ → ∆̂ be such an isomorphism. A
fundamental domain for ∆̂ is shown in Figure 2, this given as the union of the previous
fundamental domain for K with its image under the reflection τ1. By the Poincare´
polygon theorem (or using the Schreier-Reidemeister method) a presentation of ∆̂, in
terms of the generators of K, may be obtained. We have as generators
δ1 = τ1x1, . . . , δγ = τ1xγ , c1 = τ1τ2, . . . , cr = τ1τr+1, e1 = e, e2 = τ1eτ1
satisfying the following relations
cn11 = 1,
(c−11 c2)
n2 = (c−12 c3)
n3 · · · = (c−1r−1cr)
nr = 1,
e1e
−1
2 cr = 1,
δ−11 δ2δ
−1
3 · · · δ
−1
γ−1δγ = e1
δ1δ
−1
2 δ3 · · · δγ−1δ
−1
γ = e2
}
(if γ is even)
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Figure 2. A fundamental domain for ∆̂
δ1δ
−1
2 δ3 · · · δ
−1
γ−1δγ = e1
δ−11 δ2δ
−1
3 · · · δγ−1δ
−1
γ = e2
}
(if γ is odd)
2.3. The final step. Let us consider the surjective homomorphism η = ρ ◦ ι−1 : ∆̂→
C2n, whose kernel is Γ̂ = ι(Γ); a torsion free Fuchsian group that uniformizes a closed
Riemann surface Ŝ. In order to finish our proof, we only need to check that Γ̂ is a
normal subgroup of K. This is what the following general lemma asserts.
Lemma 1. Let A be an abelian group and let ζ : ∆̂ → A be a homomorphism. Then
e1e2 ∈ ker(ζ) and ker(ζ)✁K.
Proof. We assume γ even; the odd case is similar. The relations
δ−11 δ2δ
−1
3 · · · δ
−1
γ−1δγ = e1, and δ1δ
−1
2 δ3 · · · δγ−1δ
−1
γ = e2,
assert that ζ(e1) = ζ(e2)
−1, so, ζ(e1e2) = 1. Next, since
τ1δjτ1 = δ
−1
j , j = 1, . . . , γ,
τ1ckτ1 = c
−1
k , k = 1, . . . , r,
ζ(e1) = ζ(e2)
−1,
∆̂′ ✁ ker(ζ) (as A is an abelian group),
we may see that τ1 induces the inverse automorphism of A, i.e.,
a ∈ A 7→ a−1 ∈ A.
In particular, τ1 ker(ζ)τ1 = ker(ζ). Since, K = 〈∆̂, τ1〉, we obtain that ker(ζ)✁K. 
Corollary 1. If S is a pseudo-real Riemann surface admitting an anticonformal au-
tomorphism τ of order 2n, then there is a real Riemann surface Ŝ admitting an anti-
conformal automorphism τ̂ such that (Ŝ, τ̂) is topologically conjugate to (S, τ).
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Proof. The surface Ŝ is uniformized by ker(η) and we use η = ζ , A = C2n, in the above
lemma. 
Note that if Ŝ is the surface given in the above Corollary D2n ≤ Aut(Ŝ).
For every pseudo-real Riemann surface S, Corollary 1 implies O(S, τ)∩Mg(R) 6= ∅
and that Fix(σ) is connected.
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